
Stats 369. Homework 5.

Exercise 2.1.

The probability measure of k-spin glass model on Zn
2 gives

µβ,n(σ) =
1

Zn(β)
exp

{
β√

2nk−2(k!)
⟨W ,σ⊗k⟩

}
. (1)

We have

E[Zn(β)
r] =

∑
σ1,...,σr

E

[
exp

{
β√

2nk−2(k!)
⟨W ,

r∑
a=1

(σa)⊗k⟩

}]

=
∑

σ1,...,σr

E

[
exp

{
β√

2nk−1
⟨G,

r∑
a=1

(σa)⊗k⟩

}]

=
∑

σ1,...,σr

exp

 β2

4nk−1

∥∥∥∥∥
r∑

a=1

(σa)⊗k

∥∥∥∥∥
2

F


=

∫ ∑
σ1,...,σr

exp

 β2

4nk−1

∥∥∥∥∥
r∑

a=1

(σa)⊗k

∥∥∥∥∥
2

F

 ∏
1≤a<b≤r

δ(Qab −
1

n
⟨σa,σb⟩)

∏
1≤a<b≤r

dQab

=

∫ ∏
1≤a<b≤r

dQab

∑
σ1,...,σr

exp

nβ2

4
(r + 2

∑
1≤a<b≤r

Qk
ab)


×

∏
1≤a<b≤r

n

2π

∫
exp(−iλab(nQab − ⟨σa,σb⟩))dλab

.
=

∫ ∏
1≤a<b≤r

(dQabdλab) exp

n

β2r

4
+
∑
a<b

(
β2

2
Qk

ab − iλabQab) + log

∑
{σa}

exp(i
∑

1≤a<b≤r

λabσ
aσb)


=

∫ ∏
1≤a<b≤r

(dQabdλab) exp {n · S(Q,λ)}

where

Sr(Q,λ) =
β2r

4
+
∑
a<b

(
β2

2
Qk

ab − iλabQab) + log

∑
{σa}

exp(i
∑

1≤a<b≤r

λabσ
aσb)

 .

Substitute wab = iλab, we have

Sr(Q,w) =
β2r

4
+
∑
a<b

(
β2

2
Qk

ab − wabQab) + log

∑
{σa}

exp(
∑

1≤a<b≤r

wabσ
aσb)

 .

Taking derivative with respect to wab and Qab, at the saddle point, it gives

Qab = ⟨σaσb⟩n, wab =
kβ2

2
Qk−1

ab ,

1



where

µn(σ
1, . . . , σr) =

1

Zn
exp(

∑
a<b

wabσ
aσb).

At the replica symmetric solution, we have

w =
kβ2

2
qk−1,

and
logZn(w) = log(

∑
{σa}

exp(w
∑
a<b

σaσb))

= log(
∑
{σa}

exp(
1

2
w(

r∑
a=1

σa)2))− 1

2
wr

= log(
∑
{σa}

EZ [exp(Z
√
w(

r∑
a=1

σa))])− 1

2
wr

= log(EZ [
∑
{σa}

exp(Z
√
w

r∑
a=1

σa))])− 1

2
wr

= log(EZ [2 cosh(Z
√
w)r])− 1

2
wr.

and we have

q =
2

r(r − 1)
∂w logZn(w).

As r → 0, we have
q = EZ [tanh

2(Z
√
w)].

We have

SRS
r (q, w) =

β2r

4
+

β2r(r − 1)

4
qk − r(r − 1)

2
wq + log(EZ [2 cosh(Z

√
w)r])− 1

2
wr.

Divide by r and let r → 0, we have

ΦRS(q) =
β2

4
+

(k − 1)β2

4
qk − kβ2

4
qk−1 + EZ [log(2 cosh(β

√
kqk−1/2Z))].

Thus, we have

ϕRS =
β2

4
+

(k − 1)β2

4
qk∗ − kβ2

4
qk−1
∗ + EZ [log(2 cosh(βZ

√
kqk−1

∗ /2))],

where

q∗ = EZ [tanh
2(βZ

√
kqk−1

∗ /2)].
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Exercise 2.1. another approach

Since

E [Zn(β)
r] = 2nrEσ1,··· ,σr

exp
n

β2r

4
+

β2

2

∑
1≤a<b≤r

Qk
ab




= Eσ1,··· ,σr

exp
n

β2r

4
+

β2

2

∑
1≤a<b≤r

Qk
ab + r log 2




= EQn

[
enf(Qn)

]
, (2)

where (Qn)ab = ⟨σa, σb⟩/n, Qn ∈ [−1, 1]r(r−1)/2. To apply Varadhan’s lemma, we consider

A(λ, u) = f(u)− ⟨λ, u⟩+ lim
n→∞

1

n
logE

[
en⟨λ,Qn⟩

]
, (3)

Consider the replica symmetry solution u = q · 1 and the stationary condition for λ,

λ =
kβ2

2
qk−1 · 1 =: w · 1 . (4)

It holds that

1

n
logE

[
en⟨λ,Qn⟩

]
+ r log 2

=
1

n
log

2nr · E

exp
w

∑
1≤a<b≤r

⟨σa, σb⟩


=

1

n
log

 ∑
σ1,··· ,σr∈{±1}n

exp

1

2
w

∥∥∥∥∥∥
∑

1≤a≤r

σa

∥∥∥∥∥∥
2

2

− 1

2
nwr




= log

 ∑
σ1,··· ,σr∈{±1}

exp

1

2

 ∑
1≤a≤r

σa

2

− 1

2
wr

= log
(
EZ

[
2 cosh(Z

√
w)r

])
− 1

2
wr . (5)
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